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Single-molecule or single-particle tracking measurements inherently yield noisy mi-

croscopic trajectories, often significantly constrained by the diffraction limit and by

the finite rate at which photons are emitted and counted. Here we study systemati-

cally the resulting effects of finite spatial and temporal resolution on one’s ability to

discern and quantify the arrow of time in microscopic trajectories. Given an exper-

imental time series Y (t) degraded by noise, we consider the problem of estimating

the entropy production associated with the corresponding microscopic variable X(t)

using two strategies. The first attempts to infer the statistical properties of X(t)

from those of Y (t) before estimating the entropy production. The second uses the

experimental observable as a proxy for the true microscopic observable, with the en-

tropy production estimator applied directly to Y (t). We prove that both strategies

result in lower bounds on the true entropy production. Importantly, noise-degraded

observables Y (t) undergo non-Markovian dynamics even when X(t) are Markovian,

and non-Markovian entropy production estimators are advantageous. We further

note nontrivial interplay between spatial and temporal resolution: in the presence of

detection noise, improving the temporal resolution alone may lead to poorer rather

than better entropy production estimates.
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I. INTRODUCTION

Differentiating between equilibrium and nonequilibrium active matter is often surpris-

ingly difficult at a microscopic scale, where the directionality of the observed processes is

masked by thermal motion, and where only partial microscopic information is available.

During the past decade, many methods have been proposed that allow thermodynamic in-

ference from partial observations or observations of coarse observables.1–13 Yet most of these

methods assume (1) infinite time resolution and (2) that observations yield “true”, noiseless

observables. These assumptions are almost never realized in experiments.14 For example, in

single-molecule experiments, the temporal resolution is limited by the speed of the camera

or by the rate at which individual photons arrive, and the spatial resolution is limited by

diffraction. Only a handful of studies have explicitly considered the effects of experimental

resolution on thermodynamic inference.15–20

Here, we consider the effect of measurement noise and temporal resolution on one’s ability

to quantify the irreversibility of microscopic processes. Specifically, we are interested in

estimating the entropy production rate associated with a microscopic process X(t) in a

nonequilibrium steady state from an experimental observable Y (t) that may only be known

at certain moments of time (for example, when a photon measuring the process is detected)

and may be different from X(t) because of noise. The interplay between spatial (or, more

generally, state-space) and temporal resolution is important. When the process of interest

is slow, averaging over time or super-resolution methods can reduce the effect of noise, but

these approaches no longer work for fast dynamics.21 Moreover, even when the true dynamics

is a Markov process, the dynamics degraded by noise may be non-Markovian.17

II. THEORY

A. The dynamics of experimental observables have memory even when true

dynamics are Markovian

Let X(t) be the trajectory of a microscopic quantity of interest as a function of time.

Typically, X(t) is not accessible directly; rather, a measurement yields an observable tra-

jectory Y (t) that depends on X(t). For example, in single-molecule tracking experiments,

X could be the true spatial location of the molecule and Y is the location reported by a
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single photon emitted by a fluorescent probe attached to the molecule. Or X could be the

microscopic state of a molecule and Y is the color of a photon emitted by the molecule while

in that state. There are several reasons why Y does not provide the complete information

about X:

• Finite temporal resolution: Y (t) is monitored not continuously but only at certain

moments of time (e.g., camera capture times or with photon emission times)

• Experimental noise: the observed values Y (t) differ from X(t) as a result of, e.g.,

finite spatial resolution (e.g., diffraction limit in single-molecule tracking) or the fact

that a photon color does not directly report on the molecular state (e.g., overlapping

emission spectra).

• Coarse graining: Different values of X may correspond to the same Y .

While the effects of coarse graining on thermodynamic inference have been discussed in the

literature (see, e.g.,2,22–26), the effects of noise and limited temporal resolution have received

very limited attention.

In what follows, we assume that the true dynamics is a continuous-time Markov process

X(t), where X is a discrete or continuous variable. Let P(t) be the vector representing the

probability distribution of X. It evolves according to the equation,

dP(t)

dt
= KP(t), (1)

where K is a rate matrix (generator matrix). The general solution of this equation starting

from an initial state P(0) is of the form,

P(t) = T(t)P(0), (2)

where

T(t) = eKt (3)

is the transition (propagator) matrix. The steady-state distribution of X, Pss, satisfies the

condition

KPss = 0 (4)

Let us now assume that the value of X is probed at time intervals t = 0, τ, 2τ . . . .27 Fur-

thermore, we assume that whenever the value X is probed, the measurement yields a value
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Y that may or may not be different from X. The probability of making an error is given by

P (Y |X) ≡ RY X , (5)

which can be conveniently thought of as an “error matrix” R. For continuous X and Y ,

P (Y |X) is the point spread function. Unlike Refs.19,20, which assumed that errors are made

in identifying transitions between states, we instead consider noisy observations of the in-

stantaneous state. This distinction is experimentally motivated: in many single-molecule

measurements, such as particle tracking or fluorescence measurements, the primary observ-

able reports position or molecular state, and transitions are inferred subsequently from the

resulting time series. Furthermore, we assume that each observation Y depends only on the

state X at the observation time. Finite exposure times or temporal binning, for which an

observation may depend on a finite segment of the trajectory, are not included in Eq. (5).

Our goal is to estimate the entropy production rate,

⟨Ṡ⟩ =
∑
X′ ̸=X

KX′XPss(X) log

[
KX′XPss(X)

KXX′Pss(X ′)

]
, (6)

from the dynamics of the observable Y . There are two general strategies to solving this

problem. The first one is the inference of the kinetic matrix K from the dynamics of Y .

The second strategy is to take Y (t) as the “true” dynamics and apply thermodynamic

inference directly to the observed variable. In what follows, we will discuss and compare

both approaches in detail, focusing on when they are applicable and whether they can

introduce artifacts: for example, can experimental errors lead to mistaking an equilibrium,

time-reversible trajectory for a nonequilibrium one?

We start with the statistical properties of the observed time series

Yn ≡ Y (nτ)

corresponding to the (hidden) true sequence of the system’s states

Xn ≡ X(nτ).

Xn is a Markov process characterized by the transition probabilities

P (Xn+1, τ |Xn) = (eKτ )Xn+1,Xn ≡ TXn+1,Xn(τ). (7)
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Note that this discrete process has the same steady state as the original, continuous-time

process. Indeed, Eq. (4) implies that

eKτPss = Pss (8)

In contrast to Xn, the process governing Yn is no longer Markovian, and thus it cannot be

completely characterized in terms of a conditional probability P (Yn+1, τ |Yn). To illustrate

this observation, suppose that Xn measures the consecutive positions of a diffusing particle

and that measurements introduce localization errors ∆n, which are independent, identically

distributed variables. Since both Xn and ∆n are Markovian, the two-dimensional process

(Xn,∆n) is also Markovian, while the measured observable, Yn = Xn +∆n, can be thought

of as a one-dimensional projection of (Xn,∆n). It is well known that such projections

commonly lead to memory effects.28

In principle, the statistical properties of Y can be computed if the underlying dynamics,

Eq. (1) and the error matrix, Eq. (5), are known. In particular, let P (Y ′, τ ;Y, 0) be the joint

probability of observing the value Y at t = 0 and Y ′ at t = τ . We have

P (Y ′, τ ;Y, 0) = P (Y ′, τ |Y )Pss(Y ), (9)

where Pss(Y ) is the steady-state probability of Y. These probabilities can be expressed as

P (Y ′, τ ;Y, 0) =
∑
X,X′

P (X ′, τ ;X, 0)P (Y |X)P (Y ′|X ′) =
∑
X,X′

P (X ′, τ |X)Pss(X)P (Y |X)P (Y ′|X ′),

(10)

where the summation should be replaced by integration if X is continuous. Using

Pss(Y ) =
∑
X

P (Y |X)Pss(X), (11)

we can recover the effective propagator for Y

P (Y ′, τ |Y ) =

∑
X,X′ P (X ′, τ |X)Pss(X)P (Y |X)P (Y ′|X ′)∑

X P (Y |X)Pss(X)
. (12)

Note that Eq. (10) can be written in matrix form as

ρ̃ = RρRT , (13)
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where ρ is the matrix with its elements given by the joint probabilities ρX′X ≡ P (X ′, τ ;X, 0)

and ρ̃ is the matrix with ρ̃Y ′Y ≡ P (Y ′, τ ;Y, 0).

Importantly, this effective propagator does not provide a complete description of the non-

Markovian time series Yn. Nevertheless, higher order joint probabilities can be calculated

similarly. For example,

P (Y ′′, 2τ ;Y ′, τ ;Y, 0) =
∑

X,X′,X′′

P (X ′′, 2τ ;X ′, τ ;X, 0)P (Y ′′|X ′′)P (Y |X)P (Y ′|X ′) (14)

B. Strategy 1: Inferring microscopic dynamics from noisy trajectories

If R is an invertible matrix then the true propagator associated with X can be recovered

in two steps as follows. First, using

ρ = R−1ρ̃(RT )−1. (15)

we recover the true matrix of joint probabilities of consecutive values of X.29 Similarly, we

recover the vector of steady-state probabilities for X

π = R−1π̃, (16)

where π̃ is a vector whose components are the steady-state probabilities Pss(Y ). We now

can compute the propagator matrix (Eq. (7)),

P (X ′, τ |X) = TX′,X(τ) = ρX′X/P (X). (17)

The second step involves recovering the matrix K as the matrix logarithm of the discrete

propagator (i.e., invert Eq. (7)):16

K =
1

τ
logT(τ). (18)

Key requirements for this approach are that the error matrix is known (with sufficient

accuracy) and is invertible. Furthermore, the step of taking the matrix log numerically is

challenging, especially when the time interval τ exceeds the inverse of some of the eigenvalues

of K, in which case the information about short-time dynamics governed by K is lost in the

observed trajectories.16
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C. Strategy 2: Estimating entropy production directly from noisy observables

We now consider the possibility of estimating the entropy production using the exper-

imentally observable trajectory Y (t) directly as a proxy for X(t). A related path-level

lower-bound framework for faulty coarse-graining was recently developed by van der Meer

and Saito19. Their examples focus on errors in transition observations, whereas the measure-

ment errors considered here act on states through Eq. (5). The observed stroboscopically

sampled sequence Yn = Y (nτ) is generally non-Markovian. Therefore, we consider the k-th

order Markov estimator, as introduced by Roldan and Parrondo.3,30

⟨Ṡ⟩k(τ) = 1

kτ

∑
Y0,...,Yk

P (Yk, Yk−1, . . . , Y0) log

[
P (Yk, Yk−1, . . . , Y0)

P (Y0, Y1, . . . , Yk)

]
, (19)

where P (Yk, Yk−1, . . . , Y0) is the probability of observing the sequence of states Y0, Y1, . . . , Yk.

This estimator has several important properties:

1. If P (Y |X) = δY X (i.e., no errors in determining the state X) then the sequence of

observed states Xk is Markovian, and ⟨Ṡ⟩k(τ) is the same for any k ≥ 1. Thus a

first-order Markovian estimate suffices.

2. In the limit τ → 0 and P (Y |X) → δY X this estimator will give the exact entropy

production rate for any k ≥ 1, ⟨Ṡ⟩k(τ) → ⟨Ṡ⟩.

3. In the case P (Y |X) = δY X we have the inequality ⟨Ṡ⟩k ≤ ⟨Ṡ⟩, which becomes an

identity when τ → 0.

PROOF: Since the discrete-time dynamics of X is Markovian, the estimated entropy

production can be written as

⟨Ṡ⟩k(τ) = ⟨Ṡ⟩1(τ) = 1

τ

∑
X0,X1

P (X1, X0) log

[
P (X1, X0)

P (X0, X1)

]
. (20)

Let X1(0),0(1)(t) denote any microscopic path satisfying the conditions X(0) = X0(1)

and X(τ) = X1(0) and let P [X1,0(t)] be its probability measure. Then,

P (X1, X0) =
∑

X1,0(t)

P [X1,0(t)]

and, according to the log-sum inequality,

8
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1

τ

∑
X0,X1

P (X1, X0) log

[
P (X1, X0)

P (X0, X1)

]
≤ 1

τ

∑
X0,1(t)

P [X1,0(t)] log{
P [X1,0(t)]

P [X0,1(t)]
}.

But the expression appearing on the rhs of the above inequality is the exact entropy

production rate for the Markovian trajectory X(t).

4. If the microscopic trajectory X(t) satisfies detailed balance then ⟨Ṡ⟩k(τ) = 0. In

other words, experimental limitations considered here, i.e. state-measurement errors

described by Eq. (5) or stroboscopic sampling, cannot introduce spurious irreversibility

in Y (t).

PROOF: Using Eq. (10), one finds that, if the detailed balance condition P (X ′, τ ;X, 0) =

P (X, τ ;X ′, 0) is satisfied for X(t), it is also satisfied for Y (t), P (Y ′, τ ;Y, 0) =

P (Y, τ ;Y ′, 0). In fact, since a similar equation can be written for the joint proba-

bility of any sequence Y0, . . . , Yk (cf. Eq. (14)), this probability, P (Yk, Yk−1, . . . , Y0), is

identical to that of the time-reversed sequence P (Y0, Y1, . . . , Yk). Therefore Eq. (19)

is equal to zero.

5. Markov estimate of the entropy production from Y (t) is always a lower bound on that

estimated from X(t). More precisely,

1

τ

∑
X0,X1

P (X1, X0) log

[
P (X1, X0)

P (X0, X1)

]
≥ 1

τ

∑
Y0,Y1

P (Y1, Y0) log

[
P (Y1, Y0)

P (Y0, Y1)

]
(21)

PROOF: First, let us prove the following auxiliary statement, which is a form of the

data processing inequality. Let x be a random vector with a distribution p(x) and let

y be a vector with its distribution given by

p̃(y) =
∑
x

K(y|x)p(x),

where K(y|x) is a stochastic matrix (i.e., a matrix of transition probabilities from x

to y). Similarly, let q(x) be another distribution and

q̃(y) =
∑
x

K(y|x)q(x),

then ∑
x

p(x) log
p(x)

q(x)
≥

∑
y

p̃(y) log
p̃(y)

q̃(y)
. (22)
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To prove this we start with the log sum inequality written as∑
i

ai log
ai
bi

≥ (
∑
i

ai) log

∑
i ai∑
i bi

For some value y let ax = K(y|x)p(x), bx = K(y|x)q(x). Substituting this into the log

sum inequality, we get

∑
x

K(y|x)p(x) log p(x)
q(x)

≥ {
∑
x

K(y|x)p(x)} log p̃(y)
q̃(y)

= p̃(y) log
p̃(y)

q̃(y)
.

Now summing over y and using the fact that
∑

yK(y|x) = 1 we obtain Eq. (22).

Eq. (21) now follows from Eq. (22) if we set x = (X1, X0), y = (Y1, Y0), p(x) =

P (X1, X0), q(x) = P (X0, X1), p̃(y) = P (Y1, Y0), q̃(y) = P (Y0, Y1). In other words, p

and p̃ are the distributions of a pair of observations of X and Y respectively, whereas

q and q̃ are the distribution of the time-reversed observations.

6. The above argument can be extended to higher-order entropy production estimates.

The entropy production estimated from sequences Y0, Y1 . . . Yk will always be lower

than or equal to that from sequences X0, X1 . . . Xk. But the latter does not depend

on k since X is Markovian. We conclude that the entropy production estimated from

Yi to arbitrary Markov order is always a lower bound on the true entropy production.

III. EXAMPLES

A. Case study: Using strategy 1 to estimate the entropy production for

continuous-time random walks on a network

We start with the two networks’ topologies shown in Fig. 1. For each we follow the same

procedure

1. Generate noiseless trajectory with 2× 107 transitions using the Gillespie algorithm

2. Sample the trajectory at time intervals τ

3. Introduce measurement noise every time step. A short segment of a simulated tra-

jectory (blue) and of a noise-degraded “measured” trajectory (red) is shown in Fig.

1D.
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4. Compute transition probabilities from the uncorrected trajectories and estimate en-

tropy production with the first-order Markov estimator

5. Compute the corrected entropy production using the recovered transition-rate matrix

computed with Eq. (18).

First, we consider a walker on a ring, i.e., a simple 1-D chemical reaction network with

periodic boundary conditions (Fig. 1A), 1 ↔ 2 ↔ · · · ↔ N ↔ 1. This network can describe,

for instance, the sequence of rotational states of a rotary molecular motor such as F1FO

ATPase, bacterial flagella motor, or a sequence of biochemical states for translational motor

proteins.31,32 We denote the forward rate for the i → i+ 1 reaction as ki ≡ ki→i+1, and the

backward rate for the i → i − 1 reaction as k−i ≡ ki→i−1. Periodic boundary conditions

imply that indices are defined mod N , i.e., N ≡ 0 and 1 ≡ N + 1.

The walker’s state (position) is measured at time intervals τ , with the correct position i

recovered with a probability 1− 2ϵ, and with two possible incorrect positions at the nearest

neighbor locations i± 1 registered with probability ϵ each. Thus, the error matrix is N ×N

and it has 1 − 2ϵ on the diagonal, and ϵ above the diagonal, below the diagonal, and at

(1, N)/(N, 1) positions

R =



1− 2ϵ ϵ 0 · · · 0 ϵ

ϵ 1− 2ϵ ϵ 0 · · · 0

0 ϵ 1− 2ϵ ϵ · · · 0
...

...
...

...
...

...

0 · · · 0 ϵ 1− 2ϵ ϵ

ϵ 0 · · · 0 ϵ 1− 2ϵ


. (23)

For numerical simulations, we have chosen N = 20 with k1 = 4.1668, k−1 = 0.7978,

k2 = 7.4015, and k−2 = 1.2722. For the remaining rates, we assumed a 2-step periodicity:

k±(i+2) = k±i. The above-described procedure is repeated with varying τ values ranging

from 0.01⟨∆t⟩ to 3⟨∆t⟩ ( ⟨∆t⟩ is the mean transition time of the noiseless trajectory) and

with a noise term with magnitude ϵ ranging from 0 to 0.1.

Figure 1B,C compares the entropy production estimated directly from the noisy signal

Y (kτ) using the Markovian estimator (Eq. (19) with k = 1) with the entropy production

computed using the matrix K estimate recovered from Eqs. (15)-(18) and with the exact

entropy production using the true rate matrix K.
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As expected, without noise and for sufficiently small τ , the true entropy production is

readily recovered directly from Y (t) = X(t), Fig. 1B. In the presence of noise, however, using

Y (kτ) with small time intervals τ leads to drastic underestimation of the entropy production.

This amplification of the noise effect at short time intervals is easy to understand. For

example, if X(t) only moves clockwise every time moment when its location is measured,

the measured trajectory Y (t) will instead contain clockwise and counterclockwise steps of

length ±1 caused by the measurement noise. Because these spurious steps have finite length

in our model, measuring the walker locations at longer time intervals τ will reveal the overall

clockwise motion, reduce the impact of the localization error, and thus improve the entropy

production estimate. This is similar to using wider-spaced milestones in the milestoning

method25 to reduce the effects of non-Markovianity of the observed time series. As will be

seen in the example studied in Section IIIB, sometimes increasing the measurement time

interval is all that is needed to estimate the entropy production with any desired accuracy.

Here, however, τ cannot be increased indefinitely: when it is too large, then a full rotation

along the circle, happening while the walker is unobserved, could be missed. This limits the

accuracy of the entropy production estimates that can be obtained with the observable time

series Y (t), as observed in Fig. 1B.

In contrast, when Eqs. (15)-(18) are used to recover the “microscopic rate matrix” K,

the entropy production is recovered to within 1% for all values of ϵ considered, as long

as τ is less than ≈ 1.5⟨∆t⟩, where ∆t is the mean time between transitions ( Fig. 1C ).

For τ >≈ 2.5⟨∆t⟩, numerical issues with computing the matrix logarithm led to incorrect

estimates.

An example of a trajectory segment shown in Fig. 1D illustrates that even visibly small

noise can significantly (lower) affect the brute-force Markovian estimate of the entropy pro-

duction. Specifically, the estimate indicated by the point in Fig. 1B corresponds to a

trajectory whose segment is shown in Fig. 1D and is nearly a factor of 2 lower than the

true entropy production. In contrast, the full entropy production is still recovered almost

exactly in this case (Fig. 1C).

For a second, more general case study, we consider a fully connected network with N = 8

states, and N(N − 1) = 56 possible transitions (Fig. 1E). We again assume the error

matrix in the form of R from Eq. (23). We generate all the transition rates from a log-

normal distribution (log-mean 0, log-variance 1; resulting matrix is given in Supporting
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FIG. 1. Estimating entropy production from noisy trajectories. (A-D) 20-node ring with 4 distinct

rates (shown as arrows of different colors). (A) The 20-state kinetic scheme. (B) Direct first-order

Markov estimation of entropy production from the noisy trajectories. The point on one of the

curves illustrates the entropy production inferred from (a longer version of) trajectory shown in

panel D. (C) Entropy production calculated using the recovered transition-rate matrix computed

with Eq. (18). (D) A example of a trajectory segment corresponding to the kinetic scheme shown

in Panel A (blue) with a corresponding noisy trajectory used for estimating the entropy production

shown in red. (E-H) 8-node fully connected network. (E) The 8-state kinetic scheme. (F) Direct

first-order Markov estimation of entropy production from the noisy trajectories. The point on one

of the curves illustrates the entropy production inferred from (a longer version of) trajectory shown

in panel H. (G) Entropy production calculated using the recovered transition-rate matrix computed

with Eq. (18). (H) An example of a trajectory corresponding to the kinetic scheme shown in Panel

E (blue) with a corresponding noisy trajectory used for estimating the entropy production shown

in red. 13
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information) and follow the same procedure to generate trajectories for different τ and ϵ

values. A short trajectory segment (blue) and its sampled/noise degraded counterpart (red)

are shown in Fig. 1H, illustrating that the directionality of the process is not visibly evident

in this case.

Nevertheless, this directionality can be inferred from noisy trajectories. The results shown

in Fig. 1F indicate that even without measurement noise ϵ = 0 and at the smallest τ used,

τ ∼ 0.1⟨∆t⟩, the uncorrected estimate of entropy production is at least 20% smaller than

the true value. An increase in ϵ and τ makes the apparent (uncorrected) entropy production

quickly decay to 0. Notably, in contrast to the previous example, in the fully connected

network of Fig. 1E, increasing the sampling time interval τ further degrades rather than

improves thermodynamic inference. In contrast, our correction procedure allowed us to

precisely recover the entropy production value for all ϵ considered as long as τ is less than

≈ 1.5⟨∆t⟩ (Fig. 1G). Further increases of τ again led to numerical issues with computing

the matrix logarithm and incorrect estimates.

Although the two-step correction method works quite well in this case study, it relies on

accurate knowledge of the error matrix and its invertibility. Applying an entropy production

estimator directly to the experimental data Y is attractive, as it does not rely on such

assumptions. As observed in Fig. 1, a Markov estimator significantly underestimates the

entropy production. As Y (t) is non-Markovian, a natural question to ask is whether using a

higher-order estimator improves this estimate significantly. While this issue will be explored

in more detail in Section IIIC for a simpler model, here we apply a non-Markov estimator,

Eq. (19) to the same 8-state system, Fig. 2. It should be noted that estimating Eq. (19) at

high Markov orders k is not only computationally expensive but also requires large amounts

of data to estimate the joint probabilities that appear in this equation. For this reason, using

the same trajectories as those used to generate Fig. 1 we could only obtain such estimates

for k ≤ 3.

Depending on the time step τ , we used two versions of the method. For short time

interval τ we used the stroboscopic time series Yk ≡ Y (kτ) in the non-Markov estimator of

Eq. (19). Without measurement noise, this generates the “uncorrected” Markov estimate

(i.e., without application of Eq. (18)) , as indeed is observed in Fig. 2. For longer time

intervals, comparable to the mean time between consecutive transitions, we first computed,

from Yk a sequence Y
′
n of distinct states visited by the system25,33. For example, if Yk contains
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FIG. 2. Non-Markov entropy production estimates, Eq. (19), applied to the 8-state system and

compared to the exact entropy production as well as to the corrected entropy production estimates.

a sequence . . . 11122345 . . ., the corresponding sequence Y ′
n is . . . 12345 . . .. The non-Markov

estimator of Eq. (19) was then applied to Y ′
n (with τ being replaced with the mean time

between transitions between distinct states in the Y ′
n sequence).

A key observation from Fig. 2 is that including non-Markov effects to modest Markov

order (dictated by statistics, CPU, and memory limitations) produces only a small improve-

ment to the entropy production estimates, especially when compared to the results based on

inferring the true propagator matrix for the underlying trajectory X(t) presented in Fig. 1.
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B. Case study: Estimating entropy production for diffusion in the presence of

a constant force

Consider a Brownian particle subjected to a constant force F . Its Green’s function is the

solution of the diffusion equation with a drift, given by:

P (X ′, τ |X) =
1√

4πDτ
exp−(X −X ′ − βFDτ)2

4Dτ
, (24)

where D is the particle’s diffusivity and β = (kBT )
−1 is the inverse thermal energy. Let the

point spread function P (Y |X) be a Gaussian,

p(Y |X) =
1√
2πσ2

exp−(Y −X)2

2σ2
, (25)

Using Eq. (12), we obtain the effective propagator,

P (Y ′, τ |Y ) =
1√

4π(Dτ + σ2)
exp−(Y − Y ′ − βFDτ)2

4(Dτ + σ2)
. (26)

In this particular case, but not generally, the exact entropy production can be recovered

from this propagator using our second strategy. Indeed, treating Y (t) as the true dynamics,

we estimate the associated entropy production as:

⟨Ṡ⟩(1) = 1

τ

∫ ∞

−∞
dY ′P (Y ′, τ |Y ) ln

P (Y ′, τ |Y )

P (Y, τ |Y ′)
=

v2τ

σ2 +Dτ
, (27)

where

v = FβD (28)

is the particle’s mean drift velocity. If we take measurements infrequently, τ ≫ σ2/D, then

the exact entropy production is recovered.

⟨Ṡ⟩(1) = ⟨Ṡ⟩ = v2

D
. (29)

Here, the lucky break comes because of the translational invariance of the dynamics, similarly

to the case of random walks on a ring discussed in the previous Section. This is also a

manifestation of the general idea that, sometimes, coarse-graining by discarding fine-scale

information may improve thermodynamic inference.25 However, this approach has obvious

limitations, as exemplified by the second example of the previous section, where information

about local currents contributing to the entropy production is discarded in a coarse-grained

view of the dynamics.
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C. Case study: non-Markov estimator of the entropy production for a

discrete random walk with 3 states

To study to what extent the effects of the noise-induced non-Markovianity can be miti-

gated by using non-Markov estimators, here we consider the toy model of a random walker

that can occupy 3 sites (numbered 1, 2, and 3) forming a ring. The walker steps in the

clockwise direction with a probability p and counterclockwise with probability q = 1−p. At

every step the location of the walker is measured, with the correct position being measured

with a probability 1−2ϵ and two possible wrong positions registered with probabilities equal

to ϵ. The “error” matrix therefore has the same form as in Eq. (23),

R =


1− 2ϵ ϵ ϵ

ϵ 1− 2ϵ ϵ

ϵ ϵ 1− 2ϵ

 (30)

and the matrix of joint probabilities ρ is

ρ =
1

3


0 1− p p

p 0 1− p

1− p p 0

 (31)

The apparent propagator describing the observed process is given by Eq. (13). Using this

propagator we can estimate the apparent entropy production, which is given by

⟨Ṡ⟩(1)(ϵ, p) = (1− 2p)(1− 3ϵ)2 ln
1− p(1− 3ϵ)2 − 4ϵ+ 6ϵ2

p(1− 3ϵ)2 + (2− 3ϵ)ϵ
. (32)

Notably, this expression is nonzero for 0 < ϵ < 1/2 except the point ϵ = 1/3, where it

vanishes. It is easy to see why the apparent entropy production vanishes in this case: all

the entries in the matrix of Eq. (30) are identical and equal to 1/3, which means that a

measurement simply replaces X by Y drawn with identical probabilities thus removing any

information about the original value of X and thus about the original process. One can also

show that the value predicted by Eq. (32) is always less than the true entropy production

equal to ⟨Ṡ⟩ = (2p− 1) ln p
1−p

.

As shown in Fig. 3 using a non-Markov estimator, Eq. (19) improves on the first-order

estimate; in the limit k → ∞ the value ⟨Ṡ⟩(k)(ϵ, p) approaches a limit that is still below the

true value. We note that high order estimates are expensive computationally.3,30 Here, we
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FIG. 3. Entropy production estimate, Eq. (19), as a function of the Markov order k, for the toy

3-state discrete random walk with p = 0.6 and with ϵ = 0.01 (green), ϵ = 0.05 (blue), and ϵ = 0.1

(black). The horizontal line shows the exact entropy production in this case

have been able to get high order estimates by using a hybrid approach (see, e.g.,33) which

takes advantage of the knowledge of the underlying true dynamics X; as such this method

is not useful in practice.

We also note that using Eqs. (15) we have been able to trivially recover the true propa-

gator of the system and thus recover the full entropy production with an accuracy of a few

percent from random walks of 105 steps (data not shown).

IV. ENTROPY PRODUCTION FROM PHOTON EMISSION

This Section focuses on thermodynamic inference for a specific experimental setup using

single-molecule FRET (fluorescence resonance energy transfer). There have been consider-

able efforts in using this approach to study microscopic dynamics of biomolecular machines

(see Ref.34 for a recent review), and several recent papers focused specifically on inferring

the arrow of time from such measurements17,35,36. FRET differentiates among the states of

a system on the basis of the colors of photons emitted by a fluorescent probe attached to

the molecule. Here we consider a model of a 3-state rotary molecular motor37 that makes

clockwise and counter-clockwise transitions with rates u and w, a model that is similar to

that of Section IIIA and is a continuous-time version of the 3-state random walk considered

18
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in Section IIIC. The rate matrix of this system is given by

K =


−u− w w u

u −u− w w

w u −u− w

 (33)

The state of the motor is deduced from the color of the photons emitted by the system.

Unlike the stroboscopic measurements considered in Section IIIC, the photon arrival times

are also random variables. We consider the 3 color FRET, where the colors Y = 1, 2, 3

are used to report on the state of the motor, X = 1, 2, 3. Ideally, we wish to have one-to-

one correspondence between the colors and the states, X = Y , but in any realistic FRET

experiment a mix of colors is detected for any given molecular state X. As before, the

probability P (Y |X) that a photon of color Y is detected while the motor is in a state X

is given by the elements of the error matrix R. We further assume that the photon arrival

times are governed by Poisson statistics, with a photoemission rate of µ.

We now show that it is possible, in principle, to recover the exact rate matrix K from the

sequence of photon colors, provided that the error matrix R is invertible. Indeed, consider

first the sequence of states {Xi} occupied by the system at the moments of time when the

photons are emitted. It is a discrete-time Markov process governed by the propagator matrix

P (Xi+1|Xi) ≡ TXi+1,Xi

= µ

∫ ∞

0

e−µt(eKt)Xi+1,Xi
dt

= µ(µ1−K)−1
Xi+1,Xi

,

(34)

where 1 is the 3× 3 identity matrix. Therefore, if the propagator matrix is known then we

can recover the matrix K via matrix inversion of T,

K = µ(1−T−1). (35)

However, the sequence of observed photon colors is generally non-Markovian. Nevertheless,

if the transition probabilities for this process are known (cf. Eq. (12)),

P (Y ′|Y ) =

∑
X,X′ P (X ′|X)Pss(X)P (Y |X)P (Y ′|X ′)∑

X P (Y |X)Pss(X)
, (36)

and if the error matrix is known and is invertible, the underlying propagator matrix T can

be recovered using the method of Strategy 1 (Eqs. (15)-(17)), where the joint probability
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P (Y ′, τ ;Y, 0) of making observations Y and Y ′ separated by a time interval τ should be

replaced by the joint probability P (Y ′, Y ) of successive photon colors being Y and Y ′, and

where the respective conditional probabilities are similarly modified. That is, recovering

entropy production from the statistics of photon sequences is analogous to the method of

Strategy 1 except that evaluation of a matrix logarithm, Eq. (18), must be replaced by

matrix inversion, Eq. (35).

The above method requires an accurate estimate of the error matrix, which is not always

possible. Moreover, in FRET experiments the number of photon colors is often smaller than

the number of states, and so the error matrix is not invertible. In this case, one has to resort

to estimating the entropy production directly from the statistics of the observed photon

colors Y . In particular, the Markov entropy production estimator is given by (cf. Eq. (19))

⟨Ṡ⟩1 = µ
∑
Y0,Y1

P (Y1, Y0) log

[
P (Y1, Y0)

P (Y0, Y1)

]
. (37)

which is obtained from the first-order Markov estimator for stroboscopic measurements by

replacing 1/τ with the photoemission rate µ.

To gain further insight into this estimator, it is useful to recast the same problem as

a continuous-time process. Let X(t) = 1, 2, 3 be the state of the motor at time t and

Y (t) = 1, 2, 3 the color of the most recently emitted photon. Between emissions Y (t) is

constant, and at each emission it jumps to the newly detected color; sampling at the emission

times tn recovers the discrete sequences of true states and photon colors, Xn = X(tn) and

Yn = Y (tn). The joint process (X(t), Y (t)) is Markovian, while the observed Y (t) on its own

is not. In this picture the state X = i emits the photon i with rate k and produces the other

two photons with rate δk, corresponding to a total photon emission rate of µ = k(1+2δ) and

to an error matrix of the form of Eq. (30) with per-emission error probability ϵ = δ/(1+2δ).

The ϵ = 0 limit corresponds to perfect color reporting, and ϵ = 1/3 is the destructive limit at

which all three photon emission rates are equal, so the photon color carries no information

about X; when ϵ falls between 1/3 and 1/2 the model is somewhat perverse, in that a photon

is more likely than not to misrepresent the true state. Note that there is “stroboscopic” noise

from X advancing before a photon is ever observed, which could appear as a backwards X

step when in reality it stemmed from an unobserved X step.

The dynamics in the (X, Y ) space is described by a 9-state continuous-time master equa-

tion with the states defined by their values ofX and Y . Let P (X,Y ) denote the probability of
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the state and we choose the basis such thatP = (P (1, 1), P (1, 2), P (1, 3), P (2, 1), . . . , P (3, 3))T .

The equation of motion is

∂P

∂t
=



α k k w 0 0 u 0 0

kδ β kδ 0 w 0 0 u 0

kδ kδ β 0 0 w 0 0 u

u 0 0 β kδ kδ w 0 0

0 u 0 k α k 0 w 0

0 0 u kδ kδ β 0 0 w

w 0 0 u 0 0 β kδ kδ

0 w 0 0 u 0 kδ β kδ

0 0 w 0 0 u k k α



P, (38)

where α = −u − w − 2kδ and β = −u − w − k(1 + δ) are the escape rates for states with

X = Y and X ̸= Y , respectively. The steady-state distribution can be found explicitly to

be Pss = (a, b, c, c, a, b, b, c, a)T , where

a =
µ2 + 2µ(u+ w) + u2 + uw + w2 − ϵµ(2µ+ 3u+ 3w)

3Z
(39)

b =
u2 + uw + w2 + µw + ϵµ(µ+ 3u)

3Z
(40)

c =
u2 + uw + w2 + µu+ ϵµ(µ+ 3w)

3Z
, (41)

The numerator,

Z = 3(u2 + uw + w2) + 3µ(u+ w) + µ2 (42)

ensures the normalization condition, 3(a+ b+ c) = 1.

In an experiment, only transitions in Y are visible; the X transitions are hidden. The

explicit form of Pss can be traced over X to give photon color sequence marginals from

which the first-order Markov entropy production estimator (cf. Eq. (37)) is computed:

⟨Ṡ⟩1 = µ
∑
Y0,Y1

P (Y1, Y0) log

[
P (Y1, Y0)

P (Y0, Y1)

]
. (43)

The transition probabilities P (Y1, Y0) are obtained from the steady-state fluxes of the (X,Y )

master equation. The result is a long expression that is equivalent to Eq. 19 in17 with the

mapping between notations: u = kF , w = kB, ϵ = p/2.

The observed photon color sequence induces an effective current jY , defined as the net

rate of clockwise transitions in Y -space. Using the steady-state fluxes of the 9-state master
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equation, this mean current can be computed explicitly. An efficient way to perform the

calculation utilizes the Koza method (Appendix A) to obtain

⟨jY ⟩ =
µ2(u− w)(1− 3ϵ)2

Z
. (44)

Recall that the denominator is a polynomial depending only on the rates u,w, µ alone—it

has no dependence on the noise ϵ. The noise enters ⟨jY ⟩ only through the prefactor (1−3ϵ)2,

which vanishes at ϵ = 1/3, consistent with the destruction of color information at that point.

The variance rate (diffusivity) of jY is given by the second cumulant of the scaled cumulant

generating function. Using the cyclic symmetry to reduce the 9×9 tilted generator to a 3×3

matrix and applying the Koza method38,39, one obtains

⟨δj2Y ⟩ =
µ(1− 2ϵ)N

Z3
, (45)

where N is a polynomial in u,w, µ, ϵ given explicitly in Appendix A. The prefactor µ(1−2ϵ)

is the rate of matching-color photon emission.

Given the mean and variance, one can estimate a bound on the entropy production in

a manner quite distinct from the Markov estimator Eq. (43). This alternative estimator,

which can also be applied directly to the observed photon sequences, ⟨Ṡ⟩TUR follows from

the thermodynamic uncertainty relation (TUR)12,40:

⟨Ṡ⟩ ≥ 2⟨jY ⟩2

⟨δj2Y ⟩
≡ ⟨Ṡ⟩TUR. (46)

Plugging in expressions for the current fluctuations, we have

⟨Ṡ⟩TUR =
2µ3(u− w)2(1− 3ϵ)4Z

(1− 2ϵ)N
. (47)

The resulting estimates of the entropy production rate lower bound, as a function of the

photon emission rate, are shown in Fig. 4. As expected, the quality of the estimates be-

comes increasingly poorer as the error probability increases. The Markov estimator exhibits

a maximum at an “optimal” value of the emission rate. The initial increase in the estimated

entropy production with the emission rate can be understood as a result of the state of the

molecule being “hidden” during the times between the photons. The decrease in the esti-

mated entropy production at higher values of the photon emission rate is, on the other hand,

a result of the strongly non-Markovian character of photon sequences when observed with
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an increasing time resolution, as the inter-photon times become shorter17, which is not cap-

tured by a Markov estimator. As shown in Ref.17, higher-order Markov estimators improve

the estimate, but often call for unrealistically long trajectories and significant computational

expense.

The TUR estimator ⟨Ṡ⟩TUR has a transparent structure that the Markov estimator lacks:

the bound it provides decomposes into two nested inequalities,

2⟨jY ⟩2

⟨δj2Y ⟩
≤ 2(u− w)2

u+ w
≤ (u− w) ln

u

w
= ⟨Ṡ⟩. (48)

The second inequality is the standard unicyclic TUR for the bare 3-state motor. The first

is an information-processing bound: observing the motor only through the noisy, finite-rate

photon channel can only degrade the signal-to-noise ratio 2⟨jY ⟩2/⟨δj2Y ⟩ relative to that of

the motor’s own current, 2(u−w)2/(u+w). We prove the first inequality for this model in

Appendix B.

This nesting is what makes the TUR estimator interpretable. The intermediate quantity

2(u−w)2/(u+w) is the unicyclic TUR bound of the bare motor—the value 2⟨jX⟩2/⟨δj2X⟩ that

the TUR returns from the motor’s own cycle current, with ⟨jX⟩ = u−w and ⟨δj2X⟩ = u+w.

It depends only on the motor rates u and w, with no dependence on the measurement param-

eters µ and ϵ. Its shortfall from the true rate ⟨Ṡ⟩ is therefore purely thermodynamic—the

intrinsic looseness of the TUR, set by the driving u/w and vanishing only near equilibrium.

All dependence on the measurement instead lives in the first inequality: the gap between

⟨Ṡ⟩TUR and this bound is the penalty for the noisy observation, and it closes only in the

ideal limit ϵ → 0, µ → ∞. Because the driving is held fixed in Fig. 4 (u = 2, w = 1), the

unicyclic TUR bound appears there as a fixed horizontal line just below ⟨Ṡ⟩, and essentially

all variation of ⟨Ṡ⟩TUR across the panels is this measurement penalty.

The separation is conceptual rather than numerical: the measurement penalty is itself

larger for more strongly driven motors, which lose more signal to the finite photon rate. In

particular ⟨Ṡ⟩TUR is not monotonic in µ. At any fixed ϵ > 0 it rises to an optimum at an

intermediate photon rate and then falls, because the mean photon current saturates at large

µ while its variance keeps growing with the rate of wrong-color emissions. In this respect

it behaves much like the Markov estimator; the practical advantages of the TUR estimator

are that it is a rigorous lower bound and that it is the more robust of the two at appreciable

error probability, whereas the first-order Markov estimator, lacking any analogue of this
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FIG. 4. Entropy production estimated from the photon color sequence as a function of the total

photon arrival rate µ, for u = 2, w = 1, using the Markov estimator (Eq. (43)) and the TUR

estimator (Eq. (46)). Panels correspond to increasing values of the per-emission error probability

ϵ. The dashed green line is the true entropy production ⟨Ṡ⟩ = ln 2 ≈ 0.693, and the dotted gray

line is the unicyclic TUR bound 2(u−w)2/(u+w) ≈ 0.667 of Eq. (48)—the TUR estimate that a

perfect observation of the motor’s own current would yield. The gap between this bound and ⟨Ṡ⟩

is the intrinsic looseness of the TUR and is independent of the measurement; the gap between the

TUR estimate and this bound is the measurement penalty. At fixed ϵ > 0 both estimators are non-

monotonic in µ, rising to an optimum and then decreasing as the wrong-color noise accumulates

and the photon sequence becomes strongly non-Markovian.

bound, can approach ⟨Ṡ⟩ only in the near-noiseless regime.

V. CONCLUSIONS

In conclusion, we have considered two sources of experimental errors that affect thermo-

dynamic inference from single-molecule or single-particle trajectories. One is finite temporal

resolution, which results in the system’s state being unknown in between infrequent obser-

vations. The other is noise, which leads to mislabeling of the observed states of the system.

We then explored two classes of approaches. One is based on taking the experimentally

measured trajectories Y (t) at face value as if it is the true microscopic observable X(t). An
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interesting observation is that Y (t) may exhibit non-Markovian dynamics even when the true

trajectory X(t) is a Markov process. In this case an improved entropy production estimate

can be obtained using non-Markov estimators as well as the thermodynamic-uncertainty-

relationship based estimator. Regardless of whether a non-Markov estimator is used, we

showed that computing the KL divergence between Y (t) and its time-reversed version pro-

vides a lower bound on the entropy production, which generally becomes progressively worse

as the noise becomes stronger. The dependence of the estimates on the time resolution is

more complicated: In certain scenarios, there is an optimal time resolution where the most

accurate estimate is obtained, while in others lower temporal resolution produces better

estimates, an effect similar in its origin to the improved entropy estimation using the mile-

stoning method,25 where sparser milestones reporting on the system’s dynamics results in

more accurate thermodynamic inference.

A second approach attempts to recover the statistical properties of the true dynamics

X(t) from those of experimental trajectories Y (t). This is only possible when the “error

matrix” (that is, the matrix of the probabilities P (Y |X) of mislabeling X as Y ) is invertible.

Moreover, given a discrete propagator describing the evolution of X measured at discrete

moments of time, the true propagator can be recovered via a matrix logarithm or matrix

inversion.16 Numerically, however, these methods are not necessarily feasible, especially if

P (Y |X) is not precisely known, as is often the case in experimental studies.

In future applications of thermodynamic inference to experiments, it is important to

recognize that the appropriate model of observational errors depends on the experimen-

tal technique and data-analysis protocol. In the present work, we have considered noisy

observations of states, characterized by error probabilities P (Y |X), as is natural, for exam-

ple, for single-particle localization or fluorescence measurements reporting molecular states.

Other approaches instead describe errors at the level of detected transition events, as in the

faulty-coarse-graining framework of van der Meer and Saito19 and the transition-detection

blackouts considered by Maier et al.20. In such cases, the probability of detecting a tran-

sition may differ from that of detecting its time reverse, and conclusions specific to the

state-observation model considered here need not apply. In particular, Maier et al. showed

that such transition-detection errors can generate apparent irreversibility even when the

underlying microscopic dynamics is reversible.20

Finite temporal resolution can also involve effects beyond the stroboscopic sampling con-
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sidered here. For example, finite exposure times, temporal binning, or subsequent smoothing

may cause an observation to depend on the trajectory over a finite time interval rather than

only on the instantaneous state. Such temporal averaging can introduce additional memory

into the observed dynamics and thereby alter its fundamental properties.41,42 A system-

atic treatment of these effects would depend on the particular acquisition and processing

protocol and is beyond the scope of the present work. In fluorescence measurements, for

example, photon binning constitutes such a temporal coarse-graining, whereas photon-by-

photon analysis retains the individual photon observations.43

Finally, we note that an alternative to the above class of methods that was not consid-

ered here is statistical inference of the underlying kinetic model.44–48 Indeed, this type of

approach has already been used to deduce the nonequilibrium character of the dynamics

of molecular machines from single-molecule observations.35,36 In typical applications, which

use hidden Markov models (HMMs), one starts with postulating a kinetic model and then

determines the optimal parameters fitting the data. If the assumed model is close enough

to the true dynamics, this method may outperform other entropy production estimators

even in the absence of experimental noise.33 This strategy, however, is handicapped by the

model selection problem, and imposing an inadequate model may lead to physically erro-

neous inference.49 In the context of thermodynamic inference, in particular, this approach

is not guaranteed to yield a lower bound and may overestimate the entropy production.17

Bayesian non-parametric approaches have been developed to overcome this problem,46 albeit

often at a high computational cost.

Appendix A: Koza method for current cumulants

Variables used in this and the following appendix

The expressions in Appendices A and B are most transparent in the rate-ratio variables

(k, δ) rather than the physical variables (µ, ϵ) used in the main text. Here k is the rate at

which the motor in state X emits a photon of the matching color Y = X, and kδ is the

rate at which it emits a photon of each of the two wrong colors. So δ ≥ 0 measures how

often a wrong-color photon is emitted relative to the right-color photon: δ = 0 corresponds

to perfect color reporting, and δ = 1 corresponds to all three colors being emitted at equal
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rates (so the photon color carries no information about the motor state). The total photon

rate is µ = k(1 + 2δ) and the per-emission error probability is ϵ = δ/(1 + 2δ). All results in

these appendices transfer to the main-text equations upon the substitution

k = µ(1− 2ϵ), δ =
ϵ

1− 2ϵ
(A1)

mapping from total photon rate µ > 0 and per-emission error probability ϵ ∈ [0, 1/2) to

k > 0 and δ ≥ 0.

The 9-state generator and its tilted form

The full (X, Y ) system is a 9-state continuous-time Markov chain with the master equa-

tion given in Eq. (38). The tilted generator W(λ) is obtained from the continuous-time

generator by multiplying each clockwise Y -transition rate by eλ and each counterclockwise

Y -transition rate by e−λ; the X-transitions are unaffected. The generator and its tilted

form commute with the cyclic shift (X, Y ) → (X +1, Y +1) (mod 3). The scaled cumulant

generating function ψ(λ)—the largest eigenvalue of W(λ), satisfying ψ(0) = 0—therefore

lies in the symmetric (cyclic-invariant) sector. In this sector the dynamics reduce to a 3× 3

tilted operator

Wred(λ) =


α eλ k + u eλ k + w

w + eλ kδ β u+ e−λ kδ

u+ e−λ kδ w + eλ kδ β

 , (A2)

acting on the basis {v0, v+1, v−1}, where vd is the uniform superposition of the three states

with Y − X ≡ d (mod 3) and α, β are the same escape rates as in Eq. (38). The top

eigenvalue of Wred(λ) equals ψ(λ).

Cumulants via Koza’s method

Let the characteristic polynomial of Wred(λ) be written as det(xI−Wred) = x3+c2(λ)x
2+

c1(λ)x+c0(λ). Since ψ(0) = 0, we have c0(0) = 0, and the two non-zero eigenvalues at λ = 0

have product c1(0). Expanding ψ(λ) to second order via Vieta’s relations gives the Koza
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expressions38,39

⟨jY ⟩ = ψ′(0) = − c′0(λ)

c1(λ)

∣∣∣∣
λ=0

, (A3)

⟨δj2Y ⟩ = ψ′′(0) = −
c′′0(0) + 2⟨jY ⟩

[
c′1(0) + ⟨jY ⟩c2(0)

]
c1(0)

. (A4)

Evaluating these in the (k, δ) variables yields the mean current

⟨jY ⟩ =
k2(u− w)(1− δ)2

Z
, (A5)

where Z is the same denominator polynomial as in Eq. (44) of the main text, re-expressed

in (k, δ) as

Z ≡ 3(u2 + uw + w2) + 3k(u+ w)(1 + 2δ) + k2(1 + 2δ)2, (A6)

and the variance rate

⟨δj2Y ⟩ =
kN
Z3

, (A7)

where the polynomial N is most conveniently written as a polynomial in k,

N (u,w, k, δ) =
6∑

j=0

Nj(u,w, δ) k
j, (A8)

with coefficients

N0 = 18S3 (1 + 2δ),

N1 = 9 (u+ w)S2
(
5 + 26δ + 23δ2

)
,

N2 = 18S
[
A2 (u

2 + w2) +B2 uw
]
,

N3 = 9 (u+ w)
[
A3 (u

2 + w2) + 4B3 uw
]
, (A9)

N4 = 6 (1 + 2δ)
[
A4 (u

2 + w2) + 3B4 uw
]
,

N5 = (u+ w) (1 + 2δ)3
(
1 + 12δ + 135δ2 + 14δ3

)
,

N6 = 18 δ2 (1 + 2δ)4,
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where S ≡ u2 + uw + w2 and the auxiliary polynomials in δ alone are

A2 = 3 + 22δ + 55δ2 + 28δ3,

B2 = 4 + 40δ + 97δ2 + 48δ3,

A3 = 3 + 38δ + 147δ2 + 228δ3 + 70δ4,

B3 = 1 + 10δ + 54δ2 + 74δ3 + 23δ4,

A4 = 1 + 20δ + 99δ2 + 170δ3 + 34δ4,

B4 = 1 + 8δ + 64δ2 + 96δ3 + 20δ4.

Every coefficient of every Nj is a non-negative monomial in u,w, δ, so N > 0 throughout

the parameter domain. This guarantees that the variance rate (A7) is positive and therefore

the TUR ratio is well-defined; it will also do most of the algebraic work in Appendix B,

since the polynomial P used to prove the TUR bound is built directly from N and Z.

Substituting Eq. (A1) into Eqs. (A5) and (A7) reproduces Eqs. (44) and (45) of the main

text: the (k, δ) form of Z in Eq. (A6) reduces to the noise-independent form in Eq. (42),

and the prefactor (1− δ)2 becomes (1− 3ϵ)2 after collecting the factors of (1− 2ϵ) that the

substitution introduces.

Appendix B: Proof of the TUR bound for the coarse-grained photon current

We prove Eq. (48):
2⟨jY ⟩2

⟨δj2Y ⟩
≤ (u− w) ln

u

w
(B1)

for all u,w > 0 (u ̸= w), k > 0, and δ ≥ 0. Equivalently, by the bijection of Eq. (A1), this

covers all µ > 0 and ϵ ∈ [0, 1/2).

The proof proceeds in two steps through the intermediate quantity 2(u− w)2/(u+ w).

Step 1: The measurement degrades the signal-to-noise ratio

We show that
2⟨jY ⟩2

⟨δj2Y ⟩
≤ 2(u− w)2

u+ w
. (B2)
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Using the (k, δ) form of the cumulants from Eqs. (A5) and (A7), the difference between the

two sides can be written

2(u− w)2

u+ w
− 2k3(u− w)2(1− δ)4Z

N
=
P (u,w, k, δ)

(u+ w)N
, (B3)

with

P = 2(u− w)2
[
N − k3(1− δ)4Z (u+ w)

]
. (B4)

The denominator (u + w)N is positive (using N > 0 from Appendix A), so it suffices to

show P ≥ 0.

Expanding in powers of k, P =
∑6

j=0 Pj(u,w, δ) k
j. The first piece of Eq. (B4) contributes

2(u − w)2Nj to every coefficient, while the second piece, k3(1 − δ)4Z(u + w), contributes

only at j = 3, 4, 5, since Z in Eq. (A6) is a polynomial of degree 2 in k and is multiplied by

k3. The four coefficients outside this window are therefore furnished directly by the Nj of

Eq. (A9),

Pj = 2(u− w)2Nj for j ∈ {0, 1, 2, 6}, (B5)

each non-negative because the Nj have only non-negative monomials in u,w, δ. For j ∈

{3, 4, 5}, the correction from the second piece gives

Pj = 2(u− w)2
[
Nj − Cj

]
for j ∈ {3, 4, 5}, (B6)

where the correction polynomials

C3 = 3S (u+ w) (1− δ)4,

C4 = 3 (u+ w)2 (1 + 2δ) (1− δ)4,

C5 = (u+ w) (1 + 2δ)2 (1− δ)4

(B7)

come from the k0, k1, and k2 pieces of Z in Eq. (A6), respectively. Each Nj −Cj written in

this form involves a difference, so its non-negativity is not obvious. Expanding and collecting

by monomials in u,w, however, exposes the structure:

N3 − C3 = (u3 + w3)Q3 + (u2w + uw2)R3,

N4 − C4 = (u2 + w2)Q4 + uwR4,

N5 − C5 = (u+ w)Q5,

(B8)
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where the Q and R terms are polynomials in δ

Q3 = 24 + 354δ + 1305δ2 + 2064δ3 + 627δ4,

R3 = 57 + 726δ + 3231δ2 + 4740δ3 + 1452δ4,

Q4 = 3 + 138δ + 840δ2 + 2184δ3 + 2265δ4 + 402δ5,

R4 = 12 + 192δ + 1452δ2 + 3984δ3 + 3858δ4 + 708δ5,

Q5 = 18δ + 225δ2 + 972δ3 + 1791δ4 + 1260δ5 + 108δ6

with only positive integer coefficient. Therefore every Nj − Cj ≥ 0, every Pj ≥ 0, every

Pjk
j ≥ 0, and P ≥ 0.

Step 2: The unicyclic TUR

The inequality 2(u−w)2/(u+w) ≤ (u−w) ln(u/w) is the standard TUR for the 3-state

symmetric ring. Assuming u > w > 0 and dividing by u− w > 0, this reduces to

2(r − 1)

r + 1
≤ ln r, r ≡ u/w > 1. (B9)

Defining f(r) = ln r−2(r−1)/(r+1), we have f(1) = 0 and f ′(r) = (r−1)2/[r(r+1)2] ≥ 0,

so f(r) ≥ 0 for all r ≥ 1. The case r < 1 follows by symmetry.

Combining Steps 1 and 2 completes the proof. Physically, Step 1 is an information-

processing inequality—the stochastic photon emission can only add noise—and Step 2 is the

thermodynamic bound on the motor’s intrinsic signal-to-noise ratio.
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